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ABSTRACT The model of the excitable membrane assumes common channels for
Nat and K*; the two ion species interact within the pores through their electrostatic
forces. The electric field varies across the membrane and with time, as a result of
ionic redistribution. Ionic flow is primarily controlled by energy barriers at the two
interfaces and by Ca*t adsorption at the external interface. When the membrane
is polarized, the high electric field at the external interface acting on the membrane
fixed charge keeps the effective channel diameter small, so that only dihydrated
ions can cross the interface. The higher energy required to partially dehydrate Nat+
accounts for its lower permeability when polarized. Depolarized, the channel
entrance can expand, permitting quadrihydrated ions to pass; the large initial Na*
flow is the result of the large concentration ratio across the interface. The effect at
the internal interface is symmetric; Nat crosses with greater difficulty when the
membrane is depolarized. Nat inactivation occurs when the ion distribution
within the membrane has assumed its new steady-state value. Calculations based on
parameters consistent with physicochemical data agree generally with a wide range
of experiments. The model does not obey the two fundamental Hodgkin-Huxley
(HH) postulates (independence principle, ion flow proportional to thermodynamic
potential). In several instances the model predicts experimental results which are
not predicted by the HH equations.

INTRODUCTION

The excitability process in the axonal membrane, resulting from a local increase in
membrane permeability (Bernstein, 1912), has frequently been described in terms of
an equivalent electrical circuit. Offner (1939) and Offner et al. (1940) used such a
representation (Fig. 1) in deriving the permeability change necessary for sustained
conduction. Hodgkin and Huxley (1952 a, b, ¢, d) showed that to represent the ob-
served phenomena such a simple circuit is inadequate, and they employed a circuit
(Fig. 2)jincluding the Na+ electromotive force (emf).

By making the K+ and Nat+ conductances in this circuit continuous functions of
time and membrane voltage, Hodgkin and Huxley were able to describe with good
accuracy the axonal current-voltage relationship. While Hodgkin and Huxley specifi-
cally stated that their equations were only intended to be an empirical description of
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FiGure 1 Simple equivalent circuit for the excitable membrane, based on the Bernstein
hypothesis, as used by Offner et al. (1940).
FiGURe 2 Equivalent membrane circuit proposed by Hodgkin and Huxley (1952 d).

the ionic currents (Hodgkin and Huxley, 1952 d, p. 541), there are certain theoretical
implications inherent in the use of an electrical circuit representation of the mem-
brane. Thus they stated, “ The driving force for a particular ion species is clearly zero
at the equilibrium potential for that ion”” (Hodgkin and Huxley, 1952 q, p. 461). This
is evidently implied by their circuit (Fig. 2), since if, for example, the potential
applied between the ‘““‘inside” and “outside” terminals is equal to Eya , Ina must be
equal to zero, independent of the value of Ry,. The difficulty with this argument is
that it assumes that there is only a single component of current associated with, e.g.
L. , and thus that the ion current Iy, flowing into the membrane from the external
solution is always instantaneously equal to the current Iy, flowing out of the mem-
brane into the internal solution, that is, that there can be no storage of ions within
the membrane.

In fact, not only are these two components of the current not necessarily equal,
they may be actually in opposing senses. That this effect is not trivial is immediately
obvious from a simple calculation.

The total net influx of Na+t during an action potential is approximately 4 X 10-12
moles/cm? (Hodgkin and Huxley, 1952 d). If all the ions flow in through the external
interface of a membrane 60 A thick but none leave through the internal interface
during the depolarization time, the concentration of Na+t ions within the membrane
would only increase 0.0067 M.

In general, any net flow of one cation species into the membrane will be accom-
panied by a simultaneous outflow of another cation species (or inflow of anions). In a
60 A membrane a change of membrane potential of 35 mv would be produced by a
change of total univalent ion concentration within the membrane of 5 X 10~1
moles/cm?, assuming uniform charge distribution and a relative dielectric constant
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of 5. Thus the net charge on the membrane can depart only slightly from electro-
neutrality.

It will further be shown that there are in fact four components to be considered in
the total membrane current flow. These are the flow of the ions across each mem-
brane interface, as discussed above; the “capacitative transient,” due to charging of
the double layers as a result of the electrostatic capacitance of the membrane; and
finally a redistribution of ions between the double layers, due to a progressive change
of the interface potentials ¥; after a voltage step. This last component appears to
account for the nonideal nature of the membrane capacitance and also is partially
responsible for the ‘“sodium tail”’ currents,

The “independence principle” as assumed by Hodgkin and Huxley is stated as
“The chance that any individual ion will cross the membrane in a specified interval of
time is independent of the other ions which are present” (Hodgkin and Huxley,
1952 a, p. 467).

This principle would be a reasonable deduction from their equivalent circuit, al-
though it is not a necessary consequence; Ry, and Rg could each be functions of the
sum of the ionic concentrations within the membrane. In fact, if the diffusion of each
ion species at each point is due to not only its own local concentration gradient but
also to the local electric field, it would be expected that the independence principle
would not in fact hold.

A difficulty in interpreting current flow in voltage clamp experiments is that it is
not possible to distinguish unequivocally the Na*+ and K+ components of the total
current. Thus, as will be shown, a portion of the apparent Na+* current inflow may be
actually due to K+ flow; the total flow may result in approximately the same exter-
nally measured current as would be expected if the independence principle were valid.

In the end, a better physical understanding of membrane function is obtained by
abandoning the circuit representation ot the membrane and examining it directly
from the standpoint of diffusion theory. To compute properly the diffusion of ions
through a thin membrane, it is necessary to consider the variation of both the ionic
concentrations and the electric field at each point in the membrane; thus the Gold-
man equation (Goldman, 1943) may not be employed. The actual computation of
diffusion under such conditions involves rather complex analytical problems, which,
however, are amenable to resolution by numerical methods (Offner, 1971 a, 1972),
but the problem is not conceptually particularly complex.

On the contrary, this more exact approach to the membrane resolves certain
apparent anomalies, as already discussed (Offner, 1970 b), and shows that a consider-
ble proportion of the available experimental data can be “explained” by a rather
simple model. Such data include not only the conventional voltage clamp current-
voltage relationships but also such other diverse phenomena as birefringence and
membrane noise variations. The model does not require that there be separate Na+t
and K+ channels.

The equations of Hodgkin and Huxley (1952 d) give the membrane current as a
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function of membrane “holding” potential, voltage step, and time. In the present
model, the dynamic performance of the membrane is given by having the perme-
ability of the membrane at the interfaces as only a function of the interface potential
¥;, and at the external interface, the Cat+ concentration. That is, at the external
interface, the permeability of the interface for Nat ions is given by

Pixa = Pona(%o ,[Catt]), (1)

and similarly for K+. The external interface is found to be primarily concerned with
the depolarization process.

The variation in permeability of the internal interface is principally of importance
in the recovery process; the relationship is similar to equation 1 except that no effect
of [Cat**]is considered. Given the appropriate P functions, the flux of the individual
ion species is then given by classical physiochemical theory, with a suitable mem-
brane configuration; the time variation of the interface potentials results from the
redistribution of ions within the membrane after an applied voltage step.

The problems then attacked in this paper are twofold: the establishment of a mem-
brane configuration (fixed charge distribution and ion mobility contour) which will
result in the observed membrane properties with a suitable P function; and the
formulation of a reasonable physiochemical model which will result in the necessary
P function, that is, the variation of the interface permeability with the boundary elec-
tric field and Cat+ concentration.

It should be emphasized that the principal point of this presentation is not the
specific boundary processes postulated, although they appear reasonable and have
the merit of simplicity, it is rather to show that the several apparently independent
processes described by the HH equations are in reality the result of ionic interactions
under normal physiochemical forces, granted the existence of the boundary perme-
ability functions. Neither is it our object to provide a precise numerical fit to any
specific membrane data, at least not at this time. The HH equations provide such a
‘“quantitative description” of the membrane current, as their authors intended,
granted qualitative discrepancies in certain regions; some of these are better de-
scribed by the present formulation. Our present objective is rather to show that the
model points in the correct direction, that there are no departures from quantitative
results which are inherent in the theory, and that a more exact fit to any specific set of
experimental data can be obtained by a suitable selection of parameters.

The general form of the model, in which the Nat-K+ cycle is the result of boundary
permeability change with Nat ‘““inactivation’ the result of ion storage within the
membrane, has been presented in several previous brief communications (Offner,
1969, 1970 a, 1971 a, b). In this paper the physiochemical basis of the model is more
fully developed, and the consequences of the model are applied to a variety of experi-
mental conditions. Recently Hoyt and Streib (1971) have presented a somewhat
similar model of Na* inactivation, but with ““ gating” at the interior interface.
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ACTIVATION ENERGY THEORY OF DIFFUSION!

According to the activation theory of diffusion, an ion diffusing through a medium
(solute, pore, etc.) is assumed to remain normally at a potential minimum and to
jump to an adjacent minimum, separated a distance 8, only when it has attained an
energy greater than «, the height of the barrier separating the two minima (Fig. 3).
The ion may be thought of as attaining its instantaneous energy from the ambient
blackbody radiation. Assuming Boltzmann statistics apply, the mean energy of
quanta of this radiation will be kT, k being Boltzmann’s constant, and the mean frac-
tion of all quanta having an energy greater than o will be ¢™*/*”,

By the quantum theory, iv = kT, where v is the frequency of the quantum of
radiation having an energy k7. Thus an ion at a temperature T will receive quanta of
radiation of mean energy kT at a frequency ». The mean frequency at which it attains
a translational energy greater than o will thus be

f:x — ”e—a/kr’ (2)

with» = kT/h = 6.3 X 102 at 25°C. Thus f, is the frequency with which any ion at
the potential minimum will pass over the barrier of height . That is, an ion will
remain at the minimum for a mean dwell time equal to 1/f, . For a/kT = 12, f, =
3.7 X 107, so that the mean dwell time of an ion will be 0.27 X 107 sec.

It is then assumed that each ion achieving sufficient energy to pass the energy
barrier instantaneously passes to the next minimum, a distance § away. The neglect
of the transit time is justified by the velocity of the ion and the short distance it moves
in each jump, of the order of 10 A or less. Thus a K+ ion having an energy 12kT
(at 25°C) will have a velocity of the order of 10 A/sec, moving with its primary
hydration shell. The time to make a 10 A jump is thus less than 10~ sec, and the
dwell time of the ion between jumps is over 10¢ times the transit time of the ion.

It is thus seen that the flow of ions from position 1 to position 2, due to the osmotic
gradient, will be

J01 = (6 Ve-alkr, (3 )

where ¢, is the ionic concentration at position 1. Similarly, the osmotic flow in the
counter sense will be

Joz = C2 & ve—alkT, (4)

and the net osmotic flow is
Jo = 101 - Joz = ((.‘1 - Cz)&ve_a”ﬂ. (5)
1 A more rigorous treatment of activation theory is given in Glasstone, Laidler, and Eyring, 1941,
Theory of Rate Processes, McGraw-Hill Book Company, New York. A more complete discussion

of its application to diffusion through membranes is given in N. Lakshminarayanaiah, 1969, Trans-
port Phenomena in Membranes, Academic Press, Inc., New York.
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On a macroscopic basis, (c; — ¢;)/8 = dc/dx. Fick’s law of diffusion is

Jo = —D dc/dx, (6)

where D is the diffusion coefficient. Comparing equations 5 and 6,
D = §%e ", (7)

Electrodiffusion

The effect of an electric field is readily included in the activation formulation of
diffusion. A constant electric field E over the interval between positions 1 and 2
produces a potential difference — E-§ across the interval. If the crest of the potential
barrier is assumed to be halfway between 1 and 2, half the potential difference aids
the ion in passing one sense and hinders it in passing the opposite sense. Thus an ion
of valence z requires an energy « — zgES/2 to overcome the potential barrier in
passing from 1 to 2, while it will require « + zgE3/2 to pass from 2 to 1 (g is the
electron charge). If E is positive, a cation will be aided in passing over the barrier
from 1 to 2 and will be hindered in passing in the opposite sense. For simplicity, the
height of the barrier may be measured in units of kT, and potential in units of kT/q
(i.e., in units of RT/F, 25 mv at 25°C). Then the flow from 1 to 2 becomes,

Jl = cﬁve““‘””” (8)
and from 2 to 1,
Jo = cydve TP, (9)
J=Jy — Jy = vd(cre ¥ — cpe¥¥)ee, (10)
where
¥, = —Es. (11)

|
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FIGURE 3 FIGURE 4
FIGURE 3 Symmetrical potential barrier.
FiGURE 4 Unsymmetrical potential barrier.
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If the exponentials are approximated by the first two terms of their power series
expansion, and ¢, and ¢, are replaced by their average value over the interval ¢;.,
equation 10 becomes

J = vd12 Ee—“, ( 12)

where ¥; has been replaced by E using equation 11. Comparing this with equation 7,
(and remembering that « is now measured in units of k7)), it is seen that this treat-
ment gives the same results as the Nernst-Planck equation, provided that the electric
field is sufficiently low that higher terms may be neglected and that the concentration
gradient is also sufficiently low. Neither condition is met in the transition regions of
the excitable membrane, so that the more precise activation treatment is preferable.
It is also simpler where solution is by numerical methods.

Unsymmetrical Potential Barriers

In general, the potential barriers to ion flow will not be symmetrical; the ion will
have a higher potential energy on one side of the barrier than on the other. Such a
barrier is shown in Fig. 4. Here, an energy « is required for the ion to pass from left
to right, but an energy 8 to pass in the opposite sense. Making this substitution in the
expression for J, gives, in place of equation 10,

J = vilc, e @D _ ¢, GV (13)

The asymmetry of the potential barrier is probably of particular significance at phase
interfaces, such as at the external and internal surfaces of the membrane.

Thermodynamic Consistency

Examination of equation 13 indicates that, even in the absence of any electric field,
J would not be zero, even though ¢, = ¢; , when « > 8. This is obviously inconsistent
with thermodynamics. To meet the requirement that no flow occur in the absence of
osmotic and electric grandients, it is sufficient to have the sum of all the activation
energies across the regime equal to zero (terms passing from right to left being taken
with opposite sign). Rather than to explicitly so define the individual terms, a quasi-
force may be added to the electric field acting on each ion species, given by

£=3 - a)/d (14)

the summation being taken over the i barriers across the regime of total thickness d.
This may be viewed as having the physical significance of a relaxation force acting
across the regime. For example, it might represent the force exerted by the relaxation
of configurational distortion of the hydration shell of an ion. In electrochemical
thermodynamic terms f would be then a term in the gradient of the electrochemical
potential.
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ADSORPTION

The importance of adsorbed Cat+ (or other divalent cations) has been previously
discussed (Offner, 1970 b). Activation energy theory provides a convenient form-
ulation of the problem.

The theory is based on the premise that univalent cations cannot pass a region of
the external membrane surface in the immediate vicinity of an adsorbed Cat+ ion.
The Cat+ is unable to enter because of its tightly bound hydration shell, held with
approximately four times the energy of that of a univalent cation. The probability
that any given region of the surface will be so blocked will now be calculated. The
Cat* jion will be bound to the membrane by two forces: electrostatic and specific
chemadsorption.

The electrostatic contribution to the free energy of adsorption? is —2¥, (neglecting
such small corrections as electrostriction), where ¥, is the potential of the plane
passing through the center of the adsorbed ions with respect to a remote point in the
solution, potentials being measured in units of RT/F. The free energy of specific
chemadsorption, independent of ¥, , is G. The total binding energy of the Cat+ is
then G — 2¥,.

Activation theory may now be applied to the adsorbed ion, in just the same
manner as it was applied to a diffusible ion. The ion will receive energy sufficient to
remove it from the boundary at a frequency e ‘“~**®, so that r4 , the mean dwell
time of an adsorbed Cat+ ion, will be

o= 5e°-”°. (15)

When a patch of the surface has become free of an adsorbed ion, 7, , the mean time
before it again adsorbs an ion, will be the reciprocal of the frequency fo with which
Cat* ions impinge on this region of the surface, with such an energy that they will
be adsorbed. This frequency is similarly given by

fo = Kecwe™, (16)

where cc, is the concentration of Cat+* ions in the bathing solution, G’ is the free
energy required for a Catt ion to leave the solution phase, and k’ is a constant
dependent upon the area of surface involved and the proability of capture of an
impinging ion.

Except for possible second-order effects, such as the effect of the concentration of
other cations on the Cat+ activity coefficient, all factors in equation 16 except cca
should be constant, so that equation 16 may be written

fo = K'veca, (17)

? The convention used is: positive free energy change results in increased adsorption.
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with k” being another constant. The time 7, the patch of membrane is free of an ad-
sorbed Ca** ion is the reciprocal of f; :

T = l/k”vcc. ,
= ko/vCca - (18)

Ty, the fractional time the patch of membrane surface is free of a Cat+ ion (and
therefore permeable to univalent cations), is then

’

k
To=‘ro/(‘ro+‘l'd)=m_7h, (19)
ko/cCa
~_ k/een 20
" kofcoa + €700 (20)

which is the Langmuir isotherm of adsorption. Equation 20 is of significance in
showing how the fractional time the membrane is permeable varies with the Ca*++
concentration and with the boundary potential ¥, , and that all the remaining factors
can be absorbed into a single parameter ko , whose value is, to a first-order approxi-
mation, constant.

Including the effect of blocking, equation 13 then becomes, as applied to the exter-
nal interface, for ion species i,

J; = Tov8[c.-.e_(°'+‘l"/2) - c“e—(ﬁ—‘hlz)]’ ( 21 )

where ¢;, and c;; are, respectively, the concentrations of the ion just outside the
membrane and at the potential minimum just inside, « and g refer to the height of the
first potential barrier in the two senses, and § is the distance of the first minimum
from the external surface.

In the calculations, the approximation is made that ¥, is equal to the boundary
potential, that is, that the center of the adsorbed Cat+ ion lies at the surface plane of
membrane. This may be approximately correct if the ion can enter partially into the
mouth of the pore.

BARRIER HEIGHT

For an ion to enter the membrane from the bathing solution, several processes will be
involved, each of which involves an energy interchange. (a) A hole large enough to
accommodate the entering ion must be formed just within the interface. (b) The ion
may lose part of its primary hydration shell. (c) The ion in leaving the solution phase
will leave a hole which will disappear.

The energy of hole formation is estimated from the estimated volume of the ion,
carrying as much of its hydration shell as appropriate to the conditions. The process
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of hole formation is assumed to differ from that classically considered for diffusion,
in that the hole must be large enough to permit the ion to be displaced completely
across the interface in one jump. Thus it must be large enough to admit the ion with
its adhering hydration shell. The approximation of the energy of hole formation,
based on the assumption that the ion passes into an essentially aqueous medium
within the membrane, is given in Appendix I.

It is further assumed that the pore size is not large enough to pass a fully hydrated
ion without expansion. Since the membrane carries a fixed negative charge at its
surface, in the presence of an external electric field, there will be energy required to
displace the membrane charges through the field. This energy is given by

U, = nFE,x/e, (22)

where 7 is the number of elementary charges displaced an average distance x by the
entry of one ion, E, is the component of the electric field in the direction of the dis-
placement, e is the relative dielectric constant, and F is the Faraday constant. In the
meter-kilogram-second system, U, is given in joules per mole. If xis 3 A, e = 3 and
E. = 10° v/em, U, = 10" n.

Dzidic and Kabarle (1970) have measured the free energy of hydration of ions as a
function of the hydration number. Their experiments were made in the gas phase so
that their results cannot be used to calculate directly the energy required to free an ion
from successive hydrating molecules in the solution phase. The difference between
hydration energies which they measured for K+ and Na+ ions should, however, be
significant. They find 45 kJ/mole required to go from quadrihydrated K+ to the
dihydrated ion; the corresponding figure for Nat is 65 kJ/mole. A very rough esti-
mate of the possible correction for the dehydration occurring while the ion is passing
into the membrane diminishes the dehydration energies of each species by perhaps
20 kJ/mole; this value is, it must be emphasized, only an order-of-magnitude value,
but should be approximately the same for each species.

Table I shows how the various energy terms may combine to explain the variation
of the activation energy for K+ and Nat with the boundary electric field. It is as-
sumed that either ion species, when carrying two water molecules, can enter the
membrane without distorting the lipid. Thus there will be no electrostatic energy
term in the activation energy, even when the membrane is polarized to its resting
boundary field, whose effective component is probably in excess of 10° v/cm. A di-
hydrated ion will have the two water molecules situated symmetrically across the
ion. The effective diameter of the hydrated ion, moving along this axis, is therefore
the diameter of the water molecule.

With four bound water molecules, they will be situated in a tetrahedral structure:
This will require a larger hole diameter for entry into the membrane; it is assumed
that the necessary compression of the polarized membrane to form such a hole will
require of the order of 30 kJ/mole for Nat+ and 32 kJ/mole for K+, proportional to
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TABLE I

EXPLANATION OF THE VARIATION OF THE ACTIVATION ENERGY FOR
K* AND Na+ WITH THE BOUNDARY ELECTRIC FIELD

Nat K+
Hydration No. Hydration No.
2 4 2 4
Dehydration energy 45 0 25 0
Hole formation 30 1 32 45
Electrostatic 0 30 0 30
Total, polarized 75 n 57 75
Total, depolarized 75 41 57 45

Energies are in kilojoules per mole.

the hydrated radius. The value assumed for this term is not critical to the argument;
the assumed value for Nat is the minimum based on the other assumed terms.

It is assumed also that, in the absence of any electric field, the lipid pore has a high
mechanical compliance, so that negligible energy is required to open the pore to
admit a quadrihydrated ion, in the absence of a polarizing field. Again, this assump-
tion is not essential to the model but is made for simplicity; energy of deformation
would increase the activation energy for all ion species in the quadrihydrated state.

Based on these values, it is seen that K+ ions will enter the polarized membrane in
the dihydrated form, since the total activation energy is about 23 kJ/mole less than
for quadrihydrated. With Na+, however, the dihydrate and quadrihydrate require 14
and 18 kJ/mole greater energy to enter the membrane than does the dihydrate of K+.
In the depolarized membrane, Na+ should enter with slightly lower energy than K+;
a difference of 4 kJ/mole is estimated, based on the difference of energy of hole
formation.

It must be emphasized that the values used in Table I are not presented as being
other than rough approximations based on physicochemical principles. The table
demonstrates, however, that simple classical processes can account for the differen-
tial change in activation energies, as between K+ and Nat, as a function of electric
field.

In the present model, the net effect of the change in the boundary electric field on
the activation energy is assumed to be quadratic; that is, the combined effect of the
variation in hole formation energy, dehydration energy, and electrostatic energy is
such as to make the activation energy increase as the square of the boundary field.
This assumption is made solely for convenience, in that it results in voltage clamp
currents resembling those found experimentally. Since the precise form of the current
flow is influenced by a number of parameters, however, other functional relationships
could be used with approximately the same results.

In addition to the pressure developed in the lipid by the interaction of the electric
field with the fixed charge, there will be other forces of much smaller magnitude, such
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as the dielectric force proportional to E? (Offner, 1970 b). The total effect of all these
field-dependent forces will be referred to herein as “electrostriction.”

STEADY-STATE SOLUTION

The steady state of the membrane is calculated by solving the equations for the flow
of the various ion species as a boundary value problem. These equations are in the
form 13, but where the stations are the successive potential minima across the
regime. The steady state requires that the flow be the same at all stations and at the
interfaces. The problem, and the method of solution, is essentially the same as when
numerically solving the diffusion problem by use of the Nernst-Planck differential
equation by finite differences, but here the differencing is between the assumed
potential minima, rather than being an approximation of an infinitesimal. The equa-
tions can be solved as an initial value problem (shooting method, Offner, 1970 b), or
by the difference equation method (Offner, 1971 a); the latter is generally preferable.
In solving the equations, the electric field is calculated at each station (potential
minimum), the local cation and fixed charge concentration being used in Poisson’s
equation. The ions are assumed to be concentrated at the potential minima, and for
simplicity, the fixed charge is also assumed to be so situated.

It is convenient to employ a dimensionless system of parameters (Offner, 1970 b).
The length parameter ¢ is measured in units of the Debye length \ in the membrane
in osmotic equilibrium with the external solution where A =+/eRT/2F%, . Hence c,
is the total univalent cation concentration; it is assumed that the solution is essen-
tially a 1:1 electrolyte, the divalent ion concentration being small. Then the dimen-
sionless electric field ¢ is given by ¢ = —d¥/d¢. C;, the concentration of each cation
species within the membrane, is measured in terms of ¢, : C; = ¢;/c, . The fixed
negative charge density Q is similarly measured: @ = g/c,, where ¢ is the molar
fixed charge density at any point within the membrane.’

In this system of units, Poisson’s equation for the electric field becomes

de/dt = 35 (3 C: — Q). (23)
The charge being localized, equation 23 reduces to a simple algebraic equation:
e;i =¢r1+ 3 (Z Ci; — @738, (24)

where ¢, is the electric field to the right of station j, ¢;; is the ion concentration of
species i at station j, and Q; is the local fixed charge density.
BOUNDARY POTENTIAL AND FIELD

The boundary potential at the external interface ¥, is related directly to the electric
field ¢, in the solution just outside. The exact relationship depends upon the nature

3 Since the ions and the fixed charge are assumed located at the potential minima, the concentration
is taken as the quantity so situated divided by the distance between minima.
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of the interface surface and the ions present in the solution. In our previous work
(Offner, 1970 b) the Gouy-Chapman relation

@ = 2 sinh ¥,/2 (25)

was employed. This equation is only an approximation, since it assumes the ions are
point charges. The result of this assumption is that a considerable quantity of charge
is assumed to be stored very close to the interface, closer in fact than a hydrated ion
can approach. The initial current flow, on the application of a voltage step across the
membrane, is almost exclusively due to the partial discharge of the double layers at
the two interfaces. Thus an incorrect estimation of the charge stored in the double
layer, i.e. the capacitance of the layers, will result in an overestimation of the magni-
tude of the initial ““capacitive” current flow. While the discrepancy is of less impor-
tance in treating the steady-state condition, as in Offner (1970 b), it is of importance
in the transient solution.

A more accurate representation of the double layer is provided by the Stern model
(Stern, 1924). In this, the double layer is represented as consisting of two parts: a
flat double layer, as originally proposed by Helmholtz (1853), in which the ions are
adsorbed at their distance of closest approach, and beyond this, a diffuse double
layer, calculated according to the Gouy-Chapman theory.

While the Stern model would give a more accurate representation of the double
layer, there are theoretical complexities in computing the relative contributions of
the diffuse Gouy-Chapman and Helmholtz components. As pointed out by Bockris
and Reddy (1970, p. 737), however, the diffuse double layer makes relatively little
contribution to the over-all properties in electrolytes of over about 0.1 M, that is, as
concentrated as exist in the axon, and the simple Helmholtz model can be used as a
reasonably good approximation. This is therefore used in the present work.

The Helmholtz double layer may be looked upon as a parallel plate capacitor. The
boundary field ¢y is thus related to the boundary potential ¥, by

e = Yo/x, (26)

where x is the distance of closest approach of ions in the double layer.
A layer of adsorbed ions, e.g. Catt, will increment the external electric field ¢y by
an amount

Apy = %Uc- (27)
in accordance with Poisson’s equation (equation 23).

TRANSIENT SOLUTION

The calculation of the activity and recovery cycles requires the solution of the time-
dependent partial differential equation of the system or, more properly here, the
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partial derivative-difference equation. The classical method of solution of the time-
dependent diffusion problem, as illustrated by, for example, the work of Cohen and
Cooley (1965), uses the continuity equation

dc;/at = —aJ/dt, (28)

where the right-hand side is obtained by differentiating the Nernst-Planck equation
for J; .

In the present treatment, the ion flow is assumed to be constant between stations
and to change abruptly in passing through the station (potential energy minimum).
The expression equivalent to equation 28 for this case is

8c.-/at = —(J,-,j — J.’,j—i)/a. (29)

That is, ions accumulate at a potential minimum at a rate proportional to the differ-
ence between their inflow and outflow.

The complications of the present problem are several. It is necessary to recalculate
the electric field at each station after each time step. Calculations are made for volt-
age clamp conditions; therefore the electric field must be adjusted to hold the total
potential across the membrane constant at the clamped voltage. In addition,
each change in the electric field changes the adsorbed Ca**. An iterative solution is
required at each time step to find the ion flow which is consistent with the electric
fields at the end of each time step.

This calculation procedure is quite involved; the development of the solution
program has been a major problem of the present investigation. The method will be
published elsewhere.

ION CURRENTS

The concept of separate ion currents appears simple. It has generally been treated as
the component of the total current due to the flow of a given ion species through the
membrane. This, however, loses sight of an important consideration; ions are stored
in the membrane, so that the quantity of a given ion species entering one interface is
not necessarily equal to that leaving the opposite side, except in the steady state. Nor
will the total electrical charge inflow through one interface (obtained by summing the
flow of all ion species, cation and anion) be necessarily equal to that leaving the
opposite interface. There will thus in general be a net change in the electrical charge
of the membrane during the activity cycle.

Since the bulk solutions remain electrically neutral, any gain or loss of charge with-
in the membrane must be accompanied by a corresponding loss or gain in the charge
stored in the electrical double layers at the two interfaces. The externally measured
current (that which is observed in, for example, the voltage clamp experiment) is
that existing outside the double layer region at either interface.
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This system is diagramed in Fig. 5. The sum of the ion current densities into the
external interface of the membrane is Iy, that out of the internal, I; . The net electri-
cal charge of the membrane per square centimeter is ga, that of the external and
internal double layers g, and g; . Then because of over-all electroneutrality, g, -+

gi + gn = 0, and

dg./dt + dg:/dt = —dgn/dr. (30)
Since dqu/dt = I, — I; s

dq./dt 4- dq.-/dt =l — 5, (31)

which expresses the total charge neutrality of the system.
Charge conservation at the external region gives I, , the external current:

I, = I + dq./dt, (32)

and similarly at the internal region, the external current can similarly be computed:

I, = I — dg./dt. (33)

The ion fluxes, and thus J, and I; , are calculated at the two interfaces, using equa-
tions 21 and 13, respectively. The external currents could then be found, using either
expression, by the use of equation 32 or 33.

There are difficulties in calculating either dg./d¢ or dg,/dt. As a first approxima-
tion, the two double layers may be considered as homogeneous capacitors. If I; = 0
and the external circuit is open, then by equations 32 and 33 dg./d¢t = — Iy, dg./dt =
0. The change in charge produces a change in the electric field, using Poisson’s equa-
tion in the form

dpo/dt = Y5 dg,/dt = =35 I, (34)

where ¢, is the boundary field over the homogeneous membrane surface, that is, over
a region not including diffusion. The potential change d\Ifé/dt is obtained by using
the applicable equation, equations 25 and 26 being two approximations; equation 26
will be used herein.

Thus, in the system as so far described, there would be a change in the total poten-
tial across the regime at a rate given by

d¥o/dt = Yoxi,, (35)

using the Helmholtz approximation; but in the voltage clamp experiment the total
voltage is constant after the voltage clamp step has been applied. This constancy is
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obtained by passing a countercurrent through the system, equal to —3%4 I . At the
external double layer then

d¥o/dt = Y4xh, (36)

while at the internal,

dv;/dt = —YixI,, (37)

so that the total voltage drop is constant. The external observed current is thus
equal to 15 I, .

A similar treatment can be applied to I; , giving for the observed external current
in the presence of flow across both interfaces,

L =%+ 1L). (38)

So far, the treatment has considered only the portion of the membrane surface not
responsible for diffusion, that is, where the membrane itself can be treated as a
capacitor, so that the potential divides in a constant ratio between the two double
layers and the membrane itself. This is not true where diffusion is concerned since,
as already discussed above and in Offner (1970 b), the change in the ionic distribution
within the membrane will change both the boundary potentials ¥, and ¥, , and
thus in general the potential across the membrane itself.

At the two interfaces we similarly have, in the region of a pore,

dqg./dt = 2dyy/dt, (39 a)
dg./dt = 2dea/dt. (39 b)
3 =
] 1
] ]
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FIGURE 5 FIGURE 6
FIGURE 5 Membrane with boundary layers, showing the four components of membrane

current.

FiGURE 6 Illustrative relationship between membrane boundary potential ¥, and total
potential ¥, .
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Or, in terms of the two boundary potentials,

dg./dt -—% dv,/ds, (40 a)

dg./dt = —% dv./dt. (405)

The rate of change of boundary layer charge in the region of the pores, as ob-
tained from equations 39 or 40 is then used in equations 32 and 33. The two equa-
tions are then added, giving,

L =3 (I + L + dg./dt — dg./dy), (41)

where I, is the value of the external current as calculated in the region of a pore.

The correction terms, given by the difference between the rate of change of
boundary layer charge, and thus of boundary potentials, are of particular im-
portance in the early phase of the transient, when the potential is changing relatively
rapidly.

The fraction of the external current given by equation 41 depends upon the
fraction of the membrane surface responsible for diffusion, that is, occupied by
pores. This is probably less than 0.05, so that the correction due to equation 41 is of
minor importance, except immediately after an abrupt change in membrane po-
tential. Thus this term is of significance in modifying the form of the capacitive
transient, and also contributes to the Nat tail on repolarization (see below).

These calculations have been made on a one-dimensional basis, that is, consider-
ing a “smeared” charge layer. Since the pores should constitute more nearly a point
charge concentration, the pore diameter surely being small compared with the
membrane thickness, the calculation of I, by equation 41 can be considered at best
only an approximation.

The recognition of the difference between the ion flux across the two interfaces is
of fundamental importance to the understanding of the transient ion fluxes and
especially that of Na+, As already stated, if all the Nat+ inflow during a voltage clamp
step enters the membrane through the external interface and none leaves through
the internal, the Nat concentration of a 60 A thick membrane would increase only
approximately 0.067 M. As discussed later, the present calculations show that this
can be the mechanism of Nat current turnoff: the current ceases when the mem-
brane is ““charged” with Nat. The internal Nat current does increase during re-
covery, that is, when the membrane is repolarized.

In the present calculations, ion currents for each species are obtained at the
external interface by equation 21, and at the internal, by the appropriate application
of equation 13. As a check on the accuracy of calculation, the internal flow is also
computed by adding to the external flow, the rate of depletion of ions stored in the
membrane.
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DEPOLARIZATION

An essential factor in obtaining the abrupt change in membrane conductance,
typical of axonal excitation, appears to be the existence of ““voltage amplification”
at the external interface (Offner, 1970 4). That is, the boundary potential ¥, changes
more rapidly than the total membrane potential ¥,, , over some region of ¥,., as
shown in Fig. 6, or at least changes more rapidly than would be predicted if the
redistribution of ions within the membrane were not considered.

It was shown in the previous treatment (Offner, 1971 a4) that such a relationship
between ¥, and ¥, could be obtained in the case of equimolar K+ on the two sides
of the membrane, because of the desorption of Catt. As the external K+ concen-
tration is reduced, however, the rate at which ¥, changes with ¥,, diminishes.

The admission of Na* into the membrane from the external solution, due to the
lowered potential barrier, augments the effect of K+, producing a local increase in
membrane cation concentration near the external interface, resulting in voltage
amplification.

The depolarization cycle may be divided into several phases. Initially, the applica-
tion of the depolarizing voltage clamp step causes a drop in the potential across
the boundary double layers; this is assumed “‘instantaneous” in the present calcula-
tions, since the double layers are assumed to be in instantaneous equilibrium, justified
by the time scale of the membrane events. The fraction of the applied step which
will appear at the interface, and thus instantaneously reduce ¥, , will depend upon
the capacitance of the double layers as compared with the membrane itself. Calcula-
tion of the former will depend upon the structure assumed for the double layer (see
above), while the latter can be computed from the (assumed) dielectric constant
and thickness of the membrane.

Next, there is a redistribution of the ions within the membrane, especially K+
since this is the predominant species present. This redistribution will cause a further
fall in ¥, . At the same time, K+ enters through the internal interface, further lower-
ing ¥, and resulting in a corresponding relaxation of the processes at the external
interface (desorption of Catt, reduction in electrostriction). There is, however,
initially little flow at this interface.

The continuation of the process results in a continuation of the relaxation, per-
mitting an inflow of Nat to commence. A regenerative decrease in ¥, occurs; Na+t
inflow first rapidly increases (it being favored by two relaxation processes), and K+
outflow increases somewhat more slowly, primarily because of Cat+ desorption.

The flow of Nat into the membrane continues, partially displacing K+. Only a
small portion of the Nat entering the membrane through the external interface,
however, leaves through the internal during this time, since the barrier at the
internal interface is assumed to be significantly higher thanfor K+ (see below, Sodium
Turnoff). Thus when the replacement process has been completed, the Nat flow
falls to a low value.
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The K+ flow, in contrast, continues to increase, so long as ¥, continues to fall,
and thus desorption continues to increase. The outflow of K+, that is the K+ con-
ductance, is essentially proportional to =, (equation 21), since K+ flow is almost
entirely limited by the external interface processes and the activation energy for
K+ changes only a small amount with ¥, .

When the membrane is polarized at the K+ equilibrium potential, there is no K+
flow. Thus the K+ ion distribution through the membrane would not be changed by
raising 7o (equation 20) by the desorption of Cat+, or by the symmetrical lowering
of any of the potential barriers to K+ flow, except to the extent that such changes
are accompanied by a change in the electric field, due to Nat flow.

The situation is very different with Nat in the polarized state. Practially the whole
thermodynamic potential difference exists across the external interface. Thus the
desorption of Cat+ and any lowering in the potential barrier to Nat at this point
will immediately result in a large increase in Na* flow.

SODIUM TURNOFF

The depolarization of the membrane results, as already discussed, in a reduction in
the barrier to passage of ions at the external interface. Desorption of Cat+ facilitates
the passage of both K+ and Nat, but the reduction of the potential barrier for Nat+
gives a relatively greater change in Nat flow, which is in the inward direction. If,
however, the potential barrier or barriers at or near the internal interface now be-
come the limiting factor, Na* ions will tend to accumulate in the membrane, replac-
ing K+. When the replacement has reached its steady-state value, the only further
Nat inflow will be that accompanied by Na* flow across the internal interface. If
this potential barrier is high, the final Na+ flow will be low. This is sodium turnoff.

A critical factor in obtaining this phenomenon is the relative effects of the ex-
ternal and internal barriers. Examining equation 15, it is seen that log 7, may be
added to « and B, the potential barrier heights in the two senses, at the external
interface, in calculating an effective height. This height is to be compared with the
height at the internal interface; it must be higher in the polarized condition and
lower in the depolarized to obtain ‘“sodium inactivation.”

REPOLARIZATION

When a depolarizing step is removed, the depolarization process is normally
reversed, ionic concentrations and concomitant electric fields returning to their
original values. If, however, the effect of voltage amplification is such as to give a
skew-shaped curve of ¥, vs. ¥, , repolarization may not occur. Thus a membrane,
originally polarized to point A (Fig. 7), may be depolarized to point B, by reducing
¥, from 3.0 to 1.0. If, after the new steady state has been attained, ¥, is again
raised to 3.0, the membrane may return to its original condition, point A. It can
also return, however, to a partially depolarized condition, point C. The point to
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which it actually returns when the depolarizing step is abruptly removed depends
upon the dynamics of the repolarization process. The calculations indicate that it
should be possible, in some cases at least, to have the membrane remain in a partially
depolarized state by slowly returning the voltage clamp potential to its original
value, which previously corresponded to the polarized state. It is not known whether
this actually occurs in any excitable membrane. Under normal conditions it is
probable that functional membranes would not have a skew characteristic, as this
would make them susceptible to malfunction. It may be, however, that suitable
modification of conditions, e.g. lowering of Ca*+ concentration, could result in
developing the bistable characteristic.

Although the boundary potential ¥, rapidly returns to near its resting value on
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repolarization, and in fact may overshoot it for a period, the membrane will not
return to its original state until the resting ionic distribution has been attained. This
requires that Nat be extruded into the internal solution, across the internal potential
barrier. This extrusion proceeds rather slowly; until it is complete, the membrane is
in its “refractory”’ phase.

As above discussed (Barrier Height) the recovery process is speeded by electro-
striction at the internal interface, which is the inverse of that at the external. The
absolute value of the electric field at the internal interface increases (in the steady
state) as the membrane is depolarized, thus increasing the electrostriction and raising
the potential barrier height; conversely, it decreases on repolarization. But the
transient decrease is greater than the steady-state value, because of the accumulation
of ions within the membrane near the interface. This augments the fall in the local
electric field, until the new steady-state ion distribution is achieved. The magnitude
of this process appears to depend upon the strength of the negative-fixed charge
layer near the internal interface, just as the depolarization dynamics depend upon
such a layer close to the external interface.

APPROXIMATIONS OF THE MODEL

Some of the approximations of the model have already been discussed: the simplified
double-layer theory and the concentration of the ions and the fixed charge on plane
surfaces.

This “smeared charge” treatment permits the use of Poisson’s equation in one
dimension, simplifying the mathematical treatment. Some error is undoubtedly
introduced thereby in calculating the double-layer currents (see above, Ion Currents).

In equation 3 the concentration factor appears in a form implying continuous
divisibility of the ions. This, however, produces no error, even if the maximum con-
centration at a potential minimum should be only a single ion; the concentration
factor is to be interpreted as the probability of finding an ion at the point, and it
multiplies the exponential energy factor. Diffusion due to concentration gradients
is thus ergodic, and the instantaneous spacial average is equal to the time average.

The discrete nature of the charge does, however, introduce some approximation
in considering electrodiffusion (equation 8). Consider that there are only two ions
in a channel, each at the potential minimum. The presence of the second ion will
produce an increment in the electric field at the first and thus in the potential
difference ¥, . If the second ion is present only a fraction of the time, the potential
increment will be effective for this fraction. To the extent that the exponential may
be approximated as varying lineally, that is, if A¥; is small compared with unity,
the error is negligible. The interaction of ions present at various minima, as well as
between those present in neighboring pores, will further reduce the error. Thus
while the calculation of electrodiffusion on a continuum basis is not exact, theerror
due to this approximation probably does not significantly change the results.
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CALCULATED MODELS

The choice of parameter values for the models calculated has been dictated by
several considerations. Originally parameter values were selected purely empirically,
so that the calculated voltage clamp current-voltage time relations would resemble
experimental values. It has been encouraging to find that those values which have
now been determinable by approximate physiochemical calculation or experiment
in each case fall close to the previously assumed values. One example is the boundary
activation energy (Table I). Another example is the relative energies of Nat and K+
within the membrane. The calculations indicated that K+ should be bound with an
energy of the order of 5 kJ/mole more strongly than Na+; thlS is now supported by
experimental evidence (Davies and Rideal, 1961).

The parameters used in the present calculations give a peak inward current about
1/10 its experimental value. As a result, “capacitive’” components are dispropor-
tionately large. Improved calculations will be presented in a future communication,
giving results in closer quantitative agreement with experiment. However, the present
calculations can be interpreted by considering the membrane capacitive currents (i.e.,
those representing a change in net membrane charge) to be essentially correct, but
that the current flow through the membrane should be increased by ratio of the
actual to the assumed membrane concentration. In the following, except where
otherwise stated, potentials will be in units of RT/F = 25 mv; energy in units of
kilojoules per mole, and distances through the membrane in units of Debye length \.
Specific quantities are per square centimeter of membrane surface.

The calculation of the Debye length within the membrane requires the knowledge
of ¢, the dielectric constant, and ¢, , the total cation concentration in the membrane
which would be in osmotic equilibrium with that in the solutions, that is, the parti-
tion fraction must be known.

The value used for the relative e is 6, as already discussed (Adsorption). If the
molar concentration of the external solution is 0.64 and a partition fraction of 0.03
is assumed, then in calculating the Debye length (Steady-State Solution), ¢, = 1.9
moles/m3, and A = 6 A.¢

The order of magnitude of the barrier heights at the interfaces has been estimated
from the considerations previously given; the barrier heights within the membrane
have been found not to have a significant effect on the results, provided they are low
enough not to limit diffusion in the depolarized state. A total of 12 ’potential barriers
is assumed; this number is again not critical, their average spacing, approximately
5 A, appears reasonable.

A high fixed charge is assumed at the two interfaces; such a distribution is re-
quired to obtain the boundary fields necessary for excitation and recovery. A lower
¢ The uncertainty of these figures must be emphasized. Thus proportional changes in the assumed
values of e and of ¢. would leave the numerical results unchanged, but would proportionately change

the scale factors. Similarly, changes in assumed values which result in a change in A will change the
numerical results in quantitative details, but not in their general form.
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charge density is assumed through the interior of the membrane; its value affects
the decay rate of the Na+ current, a low value favoring rapid Na* turnoff.

In the model, the fixed charge (as well as the stored ions) is assumed to be on
planes situated at the potential minima. This would result in an unrealistically large
potential drop across the first potential barrier, if the boundary fixed charge were 5
A from the interface, the spacing assumed for the interior minima. Of course the
charge is actually distributed over a finite width; the discrepancy is taken care of in
the calculations by assuming the first potential minimum to be situated close to the
interface.

In most of the calculations, the diffusion of anions has not been explicitly in-
cluded. Anion flow has, however, been found to be essential in explaining such
experiments as those with the internal cation replaced with Na* (see below). For
normal conditions, however, including anion flow does not change the fundamental
phenomena but complicates the model by the need for selecting a number of addi-
tional parameters. Further, the numerical problems are increased by its inclusion.

The normal univalent cation concentrations considered are, K+ mole fraction of
univalent cations in the external solution, 0.025, and 0.95 in the internal. In each
case, the remainder is considered to be Na+.

The heights of the potential barriers assumed for Na+ and K+ are shown in Fig. 8;
the boundary barriers are shown for the normal polarized condition (internal
potential —75 mv), and for depolarized. The height of the internal potential barriers
is not critical, so long as they are sufficiently less than those at the boundaries. With
the present numerical methods, however, low internal energy barriers tend to make
the calculation of the transient solutions very time consuming. Therefore most of
the calculations have been made with internal barrier heights that affect the time-
course somewhat. The. principal effect is on the form of the initial quasi-capacitive
transient K+ flow. This also tends to affect the appearance of the inflow current
when going to the Nat potential.

The present calculations also do not explicitly allow for the change in the boundary
electric field produced by the adsorbed Cat+. On the other hand, a 2 unit increment
in the electric field is assumed at the internal interface, equivalent to a layer of
positive ions at that point. This, however, is only employed here as a mathematical
artifice to set the net electric field, and probably has no physical significance.

The adsorption parameter ko/cca = 10 in equation 20, for normal Cat+ concen-
trations. Because of the various approximations, simplifications, and idealizations
made in the present model, a given set of parameters does not give a ‘““best fit”’ to all
experimental data. Therefore some of the calculations are made with small changes
in parameters, as noted.

CALCULATED PERFORMANCE OF THE MODEL

The results of calculation, based on the assumed model, are given in Figs. 9-30.
These results are not to be considered definitive, because of the uncertainty as to the
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value of the various parameters and the approximations used in the model. Rather
they are presented to demonstrate the qualitative effect of various factors and to
show a possible physical basis of the phenomena.

Fig. 9 shows current flow calculated for a series of depolarizing voltage steps
from a hyperpolarized holding potential of 3, i.e., —75 mv. As the step is increased,
the inward current rises to a maximum, then decreases, and eventually disappears
with a sufficiently large step. At the same time, the duration of the inward current
decreases. The delayed outward current continually increases with the size of the
step.

In Fig. 10 a step is made to the same final potential as the above —3 step but
from the “resting” potential, —2.4, i.e., —60 mv. The peak inward current is de-
creased and occurs sooner, while the final outward current is unchanged.

The time-course of the change in the boundary potential is shown in Fig. 11 for a
3 unit depolarizing step. The time delay in the boundary potential change is the
principal factor in determining the time-course of the membrane process.

Two features of the calculated response as illustrated in Figs. 9 and 10 differ from
those calculated by the HH equations. First, there is an initial current that has been
reported by Fishman (1970) and can be considered as a quasi-capacitance current;
it is due to K* flow into the membrane at the internal interface and to a change in
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FIGURE 9 Externally measured flow resulting from depolarization steps of 1, 2, 3, 4, and 6
units from a holding potential of 3 (—75 mv internal potential). Based on assumed param-
eters, unit for flow in this and succeeding figures is 1.0 unit = 0.06 mamp/cm2.
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FIGURE 11 Boundary potential variation for the 3 unit step of Fig. 9.
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FIGURE 12 Voltage clamp data obtained from squid axon. From resting potential (upper),
and with 50 mv hyperpolarization (lower). Trace 1 is for a step to 10 mv below the resting
potential in each case, and successive traces are in steps of 20 mv. Records courtesy of
Prof. Harvey Fishman.

ion storage in the double layers (see above, Ion Currents). The actual magnitude of
this current depends upon the K+ barrier height at the internal interface and on the
fraction of the surface over which the boundary potential changes during activity.

The second difference is the small delay in the rate of rise of the inward current,
produced by previous hyperpolarization, here about 50 usec. This delay is also not
shown by the HH equations, when the results are plotted for the HH standard
constants. The small delay requires refined techniques for its measurement, but it is
shown in the voltage clamp records, Fig. 12, for which I am indebted to Dr. Fish-
man.® These records show a delay of approximately 40 usec produced by hyper-
polarization.

Fig. 13 shows the first 0.5 msec of Fig. 9, with expanded time scale. Here another
discrepancy with the HH equations is seen: an inward-directed ‘“‘hump” in the current
for a 6 unit depolarization to the Nat equilibrium potential. This is discussed below
(Nat* Potential).

If the membrane is returned to the ‘“holding potential’’ during the activity cycle,
there is increased Na+* inflow, the Na* tail as shown by Hodgkin and Huxley (1952).
A series of such calculated responses is shown in Fig. 14, In the present model, this
current inflow is due to the boundary potential being at a lowered value, so that
Nat ions flow inward across the lowered barrier, until the original boundary po-
tential is reestablished.

5 Personal communication.
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For brief pulses, the membrane response is substantially linear. Such responses
are shown in Fig. 15 for both depolarizing and hyperpolarizing pulses. (The purely
capacitive transient, theoretically of infinite amplitude and infinitesimal duration, is
not shown in the figure.)

The contribution of the double-layer flow to the total current is shown in Fig. 16,
based on an assumed 0.02 fraction of the surface being active. It is seen that even
for this rather high assumed fraction, the double-layer component is negligibly
small except immediately after a voltage step. The double-layer component is, in
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FIGURE 15 Initial currents resulting from the application of pulses of 0.4, 0.8, and 1.6 unit
amplitudes. Left, hyperpolarization; right, depolarization.
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FiGURe 16 Influence of double layer (B/L) flow on the total measured current, for a 3 unit
depolarization.
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effect, a part of the capacitive current transient and is partially responsible for the
departure of the phase angle of the capacitance from 90°.

Repolarization Currents

If the membrane is highly depolarized, as, for example, to the Nat potential, then,
in the HH equations, the Na* system will be completely inactivated (2 = 0). If,
then, it is returned to the K+ potential, there should be instantaneously zero current
flow: the Nat system is inactivated, and there is no K+ driving force, in HH terms.

Hodgkin and Huxley (1952 b) investigated this question in Na+-free seawater and
found that there was little repolarization current after the initial capacitive transient,
when repolarizing after 0.63 msec.

Frankenhaeuser and Hodgkin (1956) found that with normal seawater and de-
polarizations of greater duration there was an inward current when repolarizing to
the apparent K+ potential. The amount of this inward transient depended on the
duration and amplitude of the depolarization in such a way that they attributed it to
a shift in the K+ potential due to an accumulation of K+ in a layer just outside the
membrane, in a space constricted by Schwann cells.

While Frankenhaeuser and Hodgkin (1957) did not discuss this question, the
same phenomenon is apparent in their Fig. 13. Here a large inward current is
shown on repolarizing in a solution containing 112 mM Ca**, but a lesser current
in““Cat+-free” solution. To reconcile this result with their diffusion-barrier hypothe-
sis would require that the presence of Cat+ reduces the permeability of the Schwann
cell layer.

In the present model, a current flow on repolarization is to be expected; the
boundary potential at the external interface will rise only with a time-course, so
that Na* will initially be free to enter, and K+ and Na* will flow across the internal
interface. The depolarization current depends critically on the K+ barrier at the
inner interface. The results of calculations for repolarization from steady state at
the Nat potential are shown in Fig. 17 a. The three curves show the flow with the
internal barrier as in the previous calculations, and with it raised 0.5 and 1 unit,
that is, 1.25 and 2.5 kJ/mole. It is seen that this small change varies the repolariza-
tion inflow from a value comparable with depolarizing currents, to a very small
value.

In the present model the effect of reduced Cat+ is shown in Fig. 17 b. The repolari-
zation inflow current is reduced by reducing external Cat+ to 1{q¢ its ‘““normal”’
concentration,

The time-course of development of the repolarization current in the model
depends, in part at least, on the flow of Nat across the membrane from the external
interface region to the region close to the internal interface. Na+t enters the membrane
on depolarization across the external interface but leaves on repolarization by
flowing into the axoplasm across the internal interface. If the depolarization is
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Figure 17 Illustrating repolarization current flow. (a) Repolarization from steady state
at +75 mv, to —75 mv. Top curve, model described; succeeding lower curves for model
with internal K+ barrier raised 1.25 and 2.5 kJ/mole, respectively. (b) As preceding (top
curve) but showing effect of reducing external Ca** concentration. Solid curve, normal
[Ca**]; dashed curve, 1{¢¢ normal [Ca**). (¢) Repolarization to —75 mv after depolariza-
tion to zero potential; various durations of depolarization. The last curve is for repolarization
after the steady state had been reached. Model as described in text.
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maintained for a sufficiently long time, Nat will have flowed across the internal
diffusion barriers to accumulate at the internal interface. On repolarization, it can
then rapidly commence its outflow; while with short depolarizations little Na+ will
have reached the internal interface, so that the repolarization current will be reduced.

The effect of depolarization time on repolarization currents is shown in Fig. 17 c.
The curves are for a membrane with the internal K+ barrier raised 1 unit,as in Fig.
17 a. The Na* barriers within the membrane are 4 units higher than in the other
calculations, slowing the flow of Nat, and thus the development of the repolariza-
tion current.

Armstrong (1971) found repolarization currents in axon treated with tetrodotoxin
(TTX). This would be expected in the present model, in which TTX reduces the
rate of entry of Nat into the membrane but does not eliminate it. Therefore Na+
would flow to the internal interface region on a sufficiently prolonged depolarization,
despite the TTX. His finding that the repolarization currents are substantially re-
duced by triethanolamine-like substances is consistent with the effect of raised
internal K+ barrier height, illustrated in Fig. 17 a. More experimental data appear
necessary to characterize fully repolarization phenomena, as well as to examine the
agreement of the model with experiment.

The Independence Principle and Separate Ion Currents

In actual experiments, it is not possible to measure the instantaneous values of the
separate ion species currents; these are derived only from indirect evidence. They
are, however, directly obtained from the calculations, which further give the com-
ponent of each ion species current at the two interfaces.
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depolarization.

Fig. 18 shows such currents for the 2 unit (50 mv) depolarization step of Fig. 9.
The Nat flow is principally across the external interface during the depolarizing
step, as already discussed. The K+ flow shows several points of interest. There is an
initial rapid increase in the K+ outward flow at the internal interface. Averaged
with the much lesser increase in flow at the external interface, this results in a
rapid increase in K+ outflow during the first 50-100 usec.

The reduction in K+ flow at the internal interface after the first 100 usec is due
to the inflow of Nat, which displaces K+ by electrostatic repulsion. With a moder-
ately low depolarizing step, as in this example, the result is an actual K+ inflow
across the internal interface, although the net flow continues outward.

Similar calculations for a 3 unit depolarization (75 mv) are shown in Fig. 19.
With the larger depolarization, the K+ flow is outward at both interfaces. Nat
flow is reduced at the internal interface by increased electrostriction.
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FIGURE 19 Same as Fig. 18, but for a 3 unit depolarization.

The total flow and the net K+ and Nat+ flows through the membrane (calculated
by equation 38) are shown in Figs. 20 and 21 for the 2- and 3-unit depolarizing
steps, respectively. It is apparent that the flow of one ion species, in this model,
profoundly affects that of the other. This is further illustrated by Fig. 22, which
shows the calculated K+ flow, the total flow, and the K+ flow in the absence of Na+.¢
The initial K+ flow during the first 150 psec is substantially independent of the
presence of Nat; this flow is due to K+ entering at the internal interface. The K+
flow thereafter increases more rapidly in the presence of Na+; this is due to the Nat+

¢ In the calculations for this figure, the internal K+ barrier was raised 1 unit, to correspond more
nearly to experimental observations.
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FiGURE 22 1llustrating departure from the independence principle. 3 unit depolarization.
Upper solid curve, total flow; dashed curve, flow due to K*; lower solid curve, K* flow
when Na is replaced by nondiffusing ion. Model has internal K+ barrier rasied 2.5 kJ/mole.

entering through the external interface and giving rise to a rapid decrease in the
boundary potential.

This last result is of interest, in view of the findings of Hodgkin and Huxley
(1952 a). They found that their experiments seemed to indicate that the K+ current
increased more rapidly when Nat was present in the external solution, but in view of
their having adopted the independence principle, they assumed their experimental
results to be in error. If the model here presented is accepted, then the experiments
of Hodgkin and Huxley can be accepted as correct.

Although there is a transient effect of Nat+ flow on K+ flow, the steady-state
current is substantially independent of the presence of Nat, as shown by Fig. 23.
Thus there is a profound departure from the independence principle in this model. It
is therefore of interest to examine experiments which presumably test the validity of
the principle.

One such experiment is the effect of hyperpolarization on the K+ current. If the
membrane is hyperpolarized to various voltages and then depolarized to a fixed
voltage, the HH equations indicate that the K+ current should be unchanged in
form but increasingly delayed with increasing hyperpolarization.

Cole and Moore (1960) experimentally verified this prediction, under the as-
sumption that when depolarizing to the Nat potential, all the current flow is due to
K+. The latter portions of their curves were superimposable, although there were
variations in the initial portions.

The same results are obtained with the present model (Fig. 24), although neither
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FIGURE 23 Steady-state flow across membrane as function of membrane potential (positive
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longer dashes, without presence of Na*. Increased flow at small depolarizations, largely
due to incomplete Na* inactivation, so that some Na* flow subtracts from the K*. Shorter
dashes, for TTX model.

the independence principle nor the lack of Na* current applies. The results of Cole
and Moore do not, therefore, confirm the validity of the HH equations. The analysis
of Hoyt (1971) must be interpreted with this limitation.

The Na*+ Potential

As discussed in the Introduction, a point in the present model which differs from the
HH formulation is that the model does not predict that the Na+ current inflow will
necessarily be zero when going to the Nat potential. This appears to be contradicted
by experiment, since no inward current flow is, in general, found when depolarizing
to a potential which is close to the calculated Na+t equilibrium potential.

An example of such a calculated inward-flowing current is shown in Fig. 13, in
going to the Nat potential. The current reversal occurs, however, in the first few
microseconds of the response, and would not be resolvable from the capacitive
transient, even if it existed in the form calculated. In an actual membrane, however,
there would be a dispersion of membrane properties over the surface, which would
shift the time of the current reversal from point to point of the membrane; the result
would be a flattening of the apparent peak, so that it could probably not be observ-
able in experiment.

An important factor in determining the amount of inflow when going to the Na+
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FIGURE 24 Effect of hyperpolarization on the K+ process. Curves show current flow for
depolarization to the Nat potential, from holding potentials from 70 to 110 mv (internal
negative). Initial portions of curves have been omitted to avoid confusion by the Nat
transient.

potential is the relative stored Nat+ in the membrane when at the holding potential
and at the Nat potential; if these are the same, there will be only a small oscillation
in the Nat current, as the new steady state is established. There will in general be
cation flow into the membrane (or anion flow out) in order to reduce the boundary
electric field to its new value; the change in ion concentration necessary is given by
equation 23. The relative Na* inflow across the external interface and K+ flow into
the membrane across the internal interface (which thus appears in the externally
measured current as an outward-flowing current) will depend upon the relative
K+ barrier at the internal interface and the Nat barrier at the external.

Chandler and Meves (1970) replaced all the internal K+ with Nat+, Thus in their
experiments any Nat inflow would not be obscured by the large K+ outflow in the
normal axon. They found that their replacement of the K+ profoundly and per-
manently changed the membrane characteristics, but it did result in Na+t currents
which were inward when depolarizing from an internally negative holding potential
to a potential more negative than the Nat+ equilibrium potential, and outward, when
less negative (e.g., when internally positive). Their currents were very much slowed,
the inward current lasting of the order of 10 msec.

Calculations have been made to approximate their experiment. Internal Nat
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(Chadler and Meves experiment). Model includes effect of anion flow. Solid line, depolariza-
tion from —75 mv holding potential to —25 mv; dashed line, depolarization to 410.7 mv
(Na* potential).

concentration was assumed 0.65 that outside the membrane, giving an equilibrium
potential of 10.7 mv. In these calculations it is necessary to include the effect of
anion flow, since it would not be possible to have an appreciable Nat+ion accumula-
tion in the membrane without a simultaneous anion accumulation (in the normal
axon, the Nat+ accumulation is accompanied by a K+ depletion). The relative barrier
heights are such that, when depolarized, Na* tends to enter more readily from the
external solution, while anions tend to enter from the internal. The results of the
calculation are shown in Fig. 25.

When depolarizing to the Nat equilibrium potential, there is a small initial current
inflow, but this rapidly (on the scale of these experiments) falls to close to zero. The
initial inflow is that required to reduce the boundary field to its new value; it is, in
effect, a capacitive transient.

The present model does not explain Chandler and Meve’s findings that sustained
hyperpolarization is required to ‘“‘activate” the membrane with internal Na*.
There are, however, apparently profound and sustained changes which take place in
the membrane under these conditions. A possibly significant finding in this respect
is that the model has two stable states, as discussed above (Repolarization). In the
model calculated, however, the second stable state is one of high conductivity,
rather than of low, as found by Chandler and Meves.

Effect of Cat*

The effect of varying Cat+ (or other divalent cation) concentration was calculated
in Offner (1970 b) for the case of equimolar K+ on the two sides of the membrane but
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using the Nernst-Planck treatment. Essentially similar results are found in the
present model, but the calculations now are presented for both K+ and Nat+. The
Cat*+ concentration enters into the calculations through equation 20, through
which it affects T ; Apo will also be affected, when the effect of Cat++ adsorption on
the boundary field is included, through equation 27. This is not included, however,
in the present calculations. The results of the calculations may be compared with
the experimental results of Frankenhaeuser and Hodgkin (1957).

The steady-state K+ conductance gx is readily calculated. It is obtained from the
solution of the total differential equations, gx being defined in the same manner as in
Hodgkin and Huxley (1952 a):

8x = Ix/(¥n — ¥k),

where ¥x is the thermodynamic equilibrium potential of K+, approximated by

¥x = log.[K{1/[K7),

[Kf] and [K{) being, respectively, the external and internal concentration of K+.
The value of gk as a function of ¥,, is plotted in Fig. 26, for three values of relative
Ca** concentration: 0.2, 1, and 5 times the value used in the calculations for the
previous curves. In this model, for small depolarizations a fivefold change in
[Catt] is approximately equivalent to a 20 mv increase in membrane potential;
Frankenhaeuser and Hodgkin found values ranging from 10 to 25 mv.

Fig. 27 shows the effect of Ca*+ concentration on the rate of rise of the Nat
current, or more accurately, on the early component of the total current flow. It is
seen that a fivefold increase in Cat+ concentration is compensated by a 15 mv in-
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FIGURE 26 Steady-state Kt conductance. Solid line, “normal” Ca*+ concentration; longer
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Ficure 27 Effect of Cat concentration on rise of the Na* current. Solid line, normal Ca*+,
75 mv depolarizing step; shorter dashes, 0.2 times normal Ca*+, 60 mv step; longer dashes,
5 times normal Ca*+, 90 mv step. All from —75 mv holding potential.

crease in depolarization, to obtain the same time to peak, in agreement with Franken-
haeuser and Hodgkins; there is more effect on the peak Nat current than they find.

TTX

TTX applied externally to the membrane blocks the flow of Nat (Narahashi et al.,
1964) but injected internally has no effect (Narahashi et al., 1966). TTX therefore
presumably acts at or near the external interface of the membrane by some presently
unknown mechanism. Because of this complete lack of knowledge of its mechanism
of function it is impossible to introduce explicitly its effect into the model. Since
the TTX effect has been used as evidence, however, that there are separate Na+ and
K+ channels, and since the present model assumes the channels are common, it
appears desirable to show that there are possible mechanisms which could account
for the effect of TTX with this model.

The hypothesis that TTX blocks the Nat process by binding to a specific Nat
channel would, in any case, appear to be highly unlikely, and to be in conflict with
other considerations. As quoted by Hille (1970), Na*+ conductance can be blocked
by as few as 13 molecules of TTX per square micron in lobster axon. If this were to
correspond to the number of Nat channels, the TTX molecule would have to have
a remarkably specific attraction to the Nat site. Activation energy considerations
would require a much greater density of channels, based on barrier heights of the
order of magnitude estimated herein: certainly more than 1000 channels/u®.
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FiGURE 28 Solid line, flow after 3 unit depolarization (75 mv) with incremented boundary

field (TTX model). For comparison, flow in the same model is shown without incremented
field (no TTX, longer dashes), and with no Na* present (shorter dashes).

There are of course a number of alternative hypotheses for explaining the TTX
effect. While there is presently no basis for deciding between such hypotheses,
calculations have been made on one simple basis, only to show that one can obtain
results approximating those obtained in experiments, with the present model, in
which Na+ and K+ pass through common channels. This hypothesis is that TTX
(and TTX-like substances) act to increase the electric field at the external interface.
Calculations have been made assuming the field is increased 2 units; that is, 50 mv/
Debye length.” Fig. 28 shows the current flow computed for a 50 mv depolarization.

Fig. 23, which showed the steady-state flow of the normal axon, and without Na*,
also shows the steady-state flow of the “TTX” model. There is little change in the
net current, which is substantially all due to K+,

Another hypothesis for the effect of TTX which has some appeal, in view of the
long-lasting optical effects produced in the membrane (Cohen et al., 1968; Cohen
et al., 1971) is that TTX disrupts the structure of thelipid, thereby changing the pore
diameters and possibly the rigidity of the lipid surface. This could have an effect
analogous to the electrostrictive effect above discussed, but could more readily
account for the apparent widespread effect of a single molecule.

7 The shape of the activation energy-boundary field curve is slightly different in this calculation
than in the previous, the field-dependent term being decreased by 1 unit (2.5 kJ/mole).
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Birefringence

A change has been found in the birefringence of the squid axon with depolarization
and hyperpolarization (Cohen et al., 1968; Cohen et al., 1971). The retardation of
the birefringent rays was found to vary as the square of the applied voltage step
across the membrane; the change was described as occurring in two stages, the first
occurring during a time of a fraction of a millisecond to several milliseconds, and
the second, over a period of up to 100 msec.

A quadratic change in retardation would be expected if the effect is due to local
strains produced in the membrane by the field. In this case, however, the retardation
would occur within a fraction of a microsecond of the time of application of the
step, if the field distribution were constant after the step, e.g., if the constant field
equation were applicable,

Another prediction from a constant field hypothesis would be that the retardation
should be a minimum at zero potential across the membrane. Cohen et al. (1971)
find, however, that the minimum retardation occurs at 75-100 mv greater depolari-
zation.

In the present model, the change in apparent birefringence, or retardation, can be
computed under the hypothesis that it is proportional to the square of the local
electric field, by integrating the field across the membrane. Since the field distribution
changes as the ions diffuse, the retardation follows a time-course as the ions proceed
towards their steady-state distribution.

The time-course of the retardation is plotted in Fig. 29 for depolarizing steps of
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Ficure 29 Calculated time-course of retardation to be expected in birefringence measure-
ment. Solid line, 150 mv depolarization; longer dashes, 75 mv depolarization; shorter
dashes, 75 mv hyperpolarization. All from —75 mv holding potential.
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75 and 150 mv and a hyperpolarizing step of 75 mv. It is seen that with depolariza-
tion the change occurs the more rapidly, with a tendency to an overshoot. The
height of this overshoot depends on the size of the step; with a depolarizing step of
150 mv, the retardation overshoots considerably beyond its steady-state value. With
hyperpolarization, the change in retardation is greater than for the equal depolariz-
ing step, but it reaches its final value more slowly.

These results appear to be generally consistent with the experimental findings of
Cohen et al. (1971), but it is difficult to draw any definite conclusions, because of the
variability of the experimental results, which has been taken to mean that there are
several independent processes involved. While the overshoot on depolarization has
been found experimentally, it is attributed by Cohen et al., at least in part, to
electronic artifact (lack of complete amplifier compensation).

The steady-state values of retardation are plotted in Fig. 30. The curve of lower
amplitude is for the model described; it shows a minimum retardation at —25 mv
internal potential. This minimum point varies, however, with the model parameters.
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The second curve is for the same model, but with the effect of bound Ca*+ at the
external interface included. It is assumed to be sufficient to raise the field 8 units;
this implies 0.9 X 1072 moles of bound Cat+/cm? of membrane surface. These
curves may be compared with Fig. 8 of Cohen et al.

DISCUSSION

The model of the excitable membrane here presented has included many simplifica-
tions, some of which have already been explicitly discussed. The attempt has been
made to develop the model on the basis of purely physiochemical factors, that is, no
specific chemical interactions of the ions with the membrane are considered. This is
not to say that such interactions may not exist, but, at least within the range of
experimental evidence so far examined, they do not appear necessary to explain
observed phenomena.

Especially encouraging, in the consideration of the model, is the fact that those
parameter values for which an estimate of the value is possible from physicochemical
data fall reasonably close to the values which give the best fit to experimental data,
when used in the calculations.

Similarly of interest is the slow response the model predicts with internal Na+
(see above, Nat+ Potential, Fig. 24). This slowing is solely due to the tendency of
the membrane-fixed negative charge to exclude anions.

No attempt has been made to do any precise ““ curve fitting”’ to match experimental
data exactly. It is felt that this would neither be likely to be successful nor significant,
in view of the simplifications of the model, and particularly since one model can
only even approximately represent the membrane at one point, while the measured
responses are surely the result of a statistical summation of varying properties.

It would be of interest to examine the effect of temperature to be predicted by the
model. Temperature enters into the calculations through its explicit influence on
each parameter (e.g., Debye length; potential, in units of RT/F), but it also enters
implicitly into the calculation of activation energies in ways which are more difficult
to calculate. This problem has not yet been attacked. The application of the model
to the theory of membrane electrical noise has already been published (Offner,
1971 ¢).
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APPENDIX I

We will estimate the hole formation term for the activation energy for holes in an aqueous
medium, of size sufficient to accept quadrihydrated and dihydrated ions of Nat and K+.
Our method is based on that of Eyring (Glasstone et al., 1941, chapter IX).!

1626 BIOPHYSICAL JOURNAL VOLUME 12 1972



The hole required to accept a quadrihydrated ion will be smaller than the hole produced
by removing a tetrahedron composed of five water molecules, but larger than the hole pro-
duced by removing four water molecules.

Each water molecule has four hydrogen bonds, each having a bonding energy of approxi-
mately 10 kJ/mole (Worley and Klotz, 1966; Walrafen, 1967). The total bonding energy is
thus 40 kJ/mole.

If a tetrahedron containing five water molecules is removed as a group, only the three
bonds at each of the four corners must be broken. Thus a total of 12 bonds are broken,
as compared with 20 which must be broken if each of the molecules is removed separately.
The energy of hole formation should therefore be 0.6 times the energy required to remove
five water molecules, i.e., 120 kJ/mole.

To remove four water molecules a total of 10 bonds must be broken. The energy of hole
formation should then be 10/16 times the energy to remove four water molecules inde-
pendently or 100 k¥/mole.

The volume of the quadrihydrated ion is estimated from the volumes of dilute solutions of
NaCl, KCl, and HCL. It is assumed that in dilute HCI the H* ion has negligible volume, so
any change in volume is attributable to the Cl~ ion.? For dilute solutions, the molar volume
of ClI-, so calculated, is 18.2 ml.

Substracting the CI~ ion molar volume from the total volume increase of dilute NaCl the
molar volume decrease for the Nat ion is 0.9 ml. Taking the molar volume of water as 18
ml, the molar volume of the quadrihydrated Na* ion is 71.1 ml, or approximately the same
as that of four water molecules alone; the energy of hole formation is taken as 100 kJ/mole.

For KCl, the molar volume increase due to the K+ ion is 9.4 ml. The volume of the quadri-
hydrated ion is thus approximately that of 414 water molecules; the energy of hole formation
is taken as halfway between that for removing four, and for removing five water molecules,
or 110 kJ/mole.? Energy of hole formation for the dihydrated ion is calculated in a similar
manner but based on the removal of two and three water molecules.

The dihydrated ion is assumed to be linear, with the two water molecules disposed sym-
metrically across the ion. This results in an effective volume molar ¥; given by

V;' = (2rw + ri)/rw'Vw,

where V', is the molar volume of the dihydrated ion, r., is the radius of a water molecule, taken
as 1.5 A, r; is the ionic radius of the ion, and V., is the molar volume of water.

Six hydrogen bonds must be broken to remove two water molecules, and eight, for three
molecules. The corresponding energies are 60 and 80 kJ/mole. The effective molar size of the
dihydrated Na+ ion so calculated is 2.65 times the molar volume of water, for K*, 2.9. The
corresponding energies are 73 and 78 kJ/mole.

The energy of hole formation is multiplied by a factor of 0.41, in accordance with the theory
of Eyring. This correction factor was obtained from experimental data by Eyring, and his
theoretical basis is not completely clear. It may, however, be related to the energy available
from the residual hole which the ion leaves, in assisting the formation of the hole into which
the ion goes.

These results must be considered only very approximate. Not only is Eyring’s theory only

8 Any error due to neglecting the volume of the H* ion would be constant for all species and would
not change the results appreciably.

? The justification for interpolating the energies is that the structure of water is not rigid, so that the
number of water molecules displaced is a most probable value, which would vary randomly about
this value.
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approximately verified by experiments, but numerous additional assumptions are made in the
present calulations. The purpose of the calculations is therefore to give an order of magnitude,
rather than an exact value.

APPENDIX II

An order of magnitude for the minimum number of membrane pores per unit area is here cal-
culated on the basis of activation energy. Evaluation 2 gives the rate of occurrence of events
having an energy greater than the barrier height . If there is a potential difference ¥; across
the barrier, then equation 2 must be modified in a similar manner to equation 8:

fa = ve—(c+‘l’;/2)/b1" (A l)

Depolarization currents occur when the electric field is presumably reduced to a low value, so
that the potential drop ¥; across the interface barrier is low. Therefore only «, the barrier
height itself will be used, i.e., equation 2 is used unmodified.

If for Na+ we take the depolarized value for a from Table I as 41 kJ/mole,a/kT = 16,and
S« = 6.3 X 105 This then indicates a maximum limit of 10™1* A /pore saturation current, if
every “event” resulted in a Nat ion traversing the barrier. This is certainly not correct; if the
boundary field is 3 X 10% v/cm and is the result of a Helmholtz layer 4 A thick, then the
univalent cation density in the layer would be approximately 1000 A?/ion. Thus certainly less
than 1 event in 20 will result in the passage of an ion and probably more nearly 1 in 100. Using
the latter value, the saturation current for a pore is 10715 A, Thus to obtain a peak current of
1 mamp /cm? would require 102 pores/cm? = 104 pores/u?.

Hille (1970) uses a peak Nat inflow of 4.5 mamp/cm? in his calculations, but this is for the
Nat tail on repolarization, so that ¥; in equation A 1 can not be neglected. If ¥; = —50 mv
this would require approximately 2 X 10 pores/u?.

If each pore adsorbs one Cat ion, then, using the assumptions in the text, this pore density
would cause an increment in the boundary electric field of 6 units, i.e., 2.4 X 10® v/cm, when
all pores are so blocked.
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